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Abstract
This talk presents: (a) A quantum-mechanically induced violation
of the principle of equivalence, and (b) Gravitationally-induced mod-
ification to the wave particle duality. In this context I note that the
agreement between the predictions of general relativity and observa-
tions of the energy loss due to gravitational waves emitted by binary
pulsars is just as impressive as the agreement between prediction of
quantum electrodynamics and the measured value of Lamb shift in
atoms. However, general relativity has not yet yielded to a successful
quantised theory. There is a widespread belief that the two thories are
incompatible at some deep level. The question is [1]: where? Here, I
show that the conceptual foundations of the theory of general relativity
and quantum mechanics are so rich that they suggest concrete modifi-
cations into each other in the interface region. Specifically, I consider
quantum states that have no classical counterpart and show that such
states must carry an inherent violation of the principle of equivalence.
On the other hand, I show that when gravitational effects are incor-
porated into the quantum measurement process one must induce a
gravitationally induced modification to the de Broglie’s wave-particle
duality. The reported changes into the foundations of the two theo-
ries are far from in-principle modifications. These are endowed with
serious implications for the understanding of the early universe and,
in certain instances, can be explored in terrestrial laboratories.
To establish the thesis outlined in the abstract, first consider a flavor
eigenstate of a neutrino as a standard linear superposition of different mass
eigenstates:
|νℓ〉 =
∑

Fℓ |m〉 (1)
where the flavor index ℓ carries the values e, µ, τ . The mass eigenstates are
labeled by  which takes on the values 1, 2, 3. Finally, the Fℓ are elements
of a 3× 3 unitary mixing matrix, a rough form of which may be deciphered
from the neutrino-oscillation data (see, e.g., ref. [2]).
Equation (1) makes the non-commutativity of the flavor and mass mea-
surements for neutrinos manifest and thus warns for exercising conceptual
caution. Phenomenologically, the theory of mass and flavor eigenstates can
be incorporated into the standard model in a generally covariant manner, i.e.,
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in strict accordance with the equivalence principle. However, measurement
theory does not necessarily respect general covariance for quantum states
with no classical analog. Below, I argue how the interplay between mea-
surement and the extended standard model phenomenology of equation (1)
yields a subtle violation of the equivalence principle.
Now, for simplicity, I confine to a two flavor space. Let the “flavor” states
|νa〉 and |νb〉 be the following linear superposition of mass eigenstates |m1〉
and |m2〉:
|να〉 = cθ|m1〉+ sθ|m2〉 (2)
|νβ〉 = −sθ|m1〉+ cθ|m2〉 (3)
where sθ = sin(θ), and cθ = cos(θ). Without any loss of generality, I assume
m2 > m1. I will first restrict myself to the non-relativistic realm, and then
immediately proceed to the relativistic case.
In contrast to classical systems, the very quantum construct that defines
the flavor eigenstates does not allow them to carry a definite mass. There-
fore, within the orthodox interpretational structure of the theory of quantum
measurements, the equality of inertial and gravitational masses looses any
operational meaning beyond a flavor-dependent fractional accuracy of the
order of:
fη :=
√
〈νη|mˆ2|νη〉 − 〈νη|mˆ|νη〉2
〈νη|mˆ|νη〉 (4)
Here, η = α, β, and mˆ|m〉 = mj |m〉, with mˆ, the mass operator. On
evaluating fη, I find:
fα =
s2θ δm
2 (m1 + s2θ δm)
(5)
fβ =
s2θ δm
2 (m1 + c2θ δm)
(6)
where δm = m2 −m1.
Assuming now that both the mass eigenstates carry the same three mo-
mentum, ~p, and within the standard framework of the neutrino oscillation
phenomenology, I obtain in the relativistic limit:
f ′α ≃
∆m2c3s2θ
2 (2p2c+∆m2c3s2θ)
(7)
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f ′β ≃
∆m2c3s2θ
2 (2p2c+∆m2c3c2θ)
(8)
Here, ∆m2 = m22−m21 is the parameter that enters in the kinematic oscillation
length:
λosc0 =
[
2π m
1.27
] [
E
MeV
] [
eV2
∆m2
]
(9)
while f ′η is defined as the ratio ∆Eη/〈Eη〉 paralleling the definition (4). A
non-vanishing
∆f ′αβ := f
′
α − f ′β ≃
(∆m2)
2
c8
16E4
s4θ (10)
= 6.25× 10−26
[
(∆m2)
2
eV4
] [
MeV4
E4
]
s4θ (11)
introduces an additional length scale into the neutrino-oscillation phenomenol-
ogy:
λoscqV EP =
[
π km
5.07
] [
10−15
|∆f ′αβΦ|
] [
MeV
E
]
(12)
In equation (11) I approximate E by pc. This does not introduce any error
to the indicated order in the mass squared difference. In equation (12), Φ is
an essentially constant gravitational potential due to the rest of the universe
in our immediate vicinity. To distinguish better the classical violation of the
equivalence principle (VEP), from the quantum mechanically induced one,
I here use the abbreviation qVEP for the latter. The planetary orbits are
not changed by Φ because it is essentially gradient-less over the entire solar
system. However, a constant Φ gives rise to significant effects in neutrino
physics. This is because neutrino oscillations form a flavor oscillation clock,
and their evolution is sensitive to Φ. It is precisely this sensitivity that endows
them with the gravitational red shift dictated by general relativity [3] (also
see [4, 5]). The local cluster of galaxies, referred to as the Great attractor
(GA), embeds the solar system in a few parts in 1011 constant contribution
to Φ. Its value was estimated by Kenyon [6]:
ΦGA ≃ −3× 10−5 (13)
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For comparison, the terrestrial and solar gravitational potentials on their
respective surfaces are:
ΦE = −6.95× 10−10, ΦS = −2.12× 10−6 (14)
The conceptual problems associated with estimating Φ have tempted several
authors in the neutrino physics community to identify ΦGA with Φ itself.
However, there are no a´ priori´ reasons to arbitrarily ignore contributions to
Φ from the sources beyond the local cluster of galaxies and to not allow a
Φ ∼ 1, or even larger.
To explore a possible observability of the qVEP for the long-standing
solar neutrino anomaly I combine equations (11) and (12) to obtain:
λoscqV EP = 3.16× 109π
E3
(∆m2)2 |s4θΦ|
km (15)
where it is now implicit that ∆m2 is measured in eV2, and E is expressed in
MeV. ¿From this one readily obtains the ratio:
λoscqV EP
λ⊙
= 0.66× 102 E
3
(∆m2)2 |s4θΦ|
(16)
where λ⊙ ≃ 1.5 × 108 km is the mean Earth-Sun distance relevant for the
neutrino detectors on the Earth.
We now study the result (16) for the solar neutrinos where 0.2 ≤ E ≤
20 MeV. The existing and planned non-solar neutrino oscillations experi-
ments explore α ≤ ∆m2 ≤ 10−4, where α is of the order of a few eV2. The
neutrino-oscillation parameter space, when firmly investigated, can be com-
bined with result (16), to check the E3 dependence of qVEP, and to infer Φ.
The presently controversial higher end of the parameter ∆m2 will soon be
scrutinized by an experiment under construction at Fermi Lab. in Chicago.
The lower end of that parameter space is already under intense investigation
at Japan’s Super-Kamiokande experiment. The conditions for the observ-
ability of qVEP in the solar neutrino oscillation data requires, (a) that the
parameters {∆m2, θ, Φ} are such that the ratio λoscqV EP/λ⊙ is of the order of
unity, and that (b) the data quality and analysis be such that they allow for
the separation of the slow and fast degrees of freedom. The fast degree of
freedom comes from the usual kinematically induced oscillation length, λosc0 ,
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while the slow one is induced by qVEP. Further, qVEP’s E3 dependence
can be used to distinguish it from the well-known conjecture on VEP due to
Gasperini [7, 8].
The qVEP is not restricted to neutrino physics. The Stanford techniques
pioneered by Steven Chu [9] can be exploited to study qVEP by means
of atomic states modeled after equation (1). At present, these techniques
allow for the relevant gravitationally induced phases to be measured with
the remarkable precision of a few parts in 109.
Having established the phenomena of qVEP, I now present arguments on
the gravitationally modified de Broglie wave particle duality for the interface
region under study.
Some years ago I formulated an argument [10] that at the Planck scale
quantum measurements alter the local space-time metric in a manner that
destroys the commutativity of the position measurements. One consequence
of that argument was that non-locality must be an essential part of any at-
tempt to merge the theory of general relativity with quantum mechanics.
The non-locality derived in that argument easily extends to measurements of
different components of the position vector of a single particle, and modifies
the fundamental commutators of the Heisenberg algebra. Efforts in string
theories come to the same conclusion in an independent manner. In that
context an early reference is the work of Veneziano [11] while a recent one is
[12]. Without invoking extended objects, and entirely within the framework
of quantum mechanics and the theory of general relativity, Adler and Santi-
ago [13] have found at the same modifications to the uncertainty principle as
that obtained by works on extended objects (for directly related works see
[14, 15, 16, 17]). A somewhat different argument, based on the existence of
an upper bound for acceleration, also results in a similar modification to the
uncertainty principle [18]. The mathematical expression of the above results
that leads to a gravitationally modified expression for the de Broglie wave
particle duality is given by the following modification to the fundamental
commutator [19]:
[x, p] = ih¯
[
1+ ǫ
λ2Pp
2
h¯2
]
(17)
where λP =
√
h¯G/c3, is the Planck length, and ǫ is some dimensionless num-
ber of the order of unity. In what follows, for convenience, I set ǫ equal to
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unity. This commutator reproduces the gravitationally modified uncertainty
relations. Specifically, one has the new position-momentum uncertainty re-
lation:
∆x∆px ≥ h¯
2

1 +
(
λP∆px
h¯
)2
+
(
λP 〈p〉
h¯
)2 (18)
which carries with it the Kempf-Mangano-Mann (KMM, ref.[19]) lower bound
on the position uncertainty:
∆x
K
= λP
(
1 +
λP 〈p〉
h¯
)1/2
(19)
Notice that ∆xK has a state dependence via 〈p〉. For a state of a vanishing
〈p〉, one obtains the absolute minimal distance that can be probed quan-
tum mechanically. Since this lowest bound does not depend on the particle
species, it is likely that this points towards some new intrinsic property of
the space-time itself.
An important implication of the KMM lower bound, ∆x
K
, is that the
de Broglie plane waves can no longer represent the physical wave functions,
even in principle. Thus the de Broglie wave particle duality must undergo a
fundamental conceptual and quantitative change.
In their pioneering work KMM have presented a modification to the de
Broglie relation, but they have confined only to the non-relativistic particles
(a situation likely to be of little interest in the Planck regime). Here I present
the gravitationally modified de Broglie relation without restrictions on the
particle’s momentum. It is readily seen that the momentum space wave
function consistent with the gravitationally modified uncertainty relations
(18) reads [19]:
ψ(p) = N
(
1 + βp2
)−[κ(p)/4β(∆p)2]
× exp
[
−i 〈x〉
λP
tan−1
(√
βp
)
− κ(p)〈p〉
2(∆p)2
√
β
tan−1
(√
βp
)]
(20)
where κ(p) := 1 + β(∆p)2 + β〈p〉2, and β := λ2P/h¯2. N is a normalization
factor. This represents an oscillatory function damped by a momentum-
7
dependent exponential. I identify the oscillation length with the gravitation-
ally modified de Broglie wave length:
λ = 2π
λP
tan−1
(√
βp
) (21)
Introducing λP := 2πλP as the Planck circumference; and λdB as the gravita-
tionally unmodified de Broglie wave length, λdB = h/p, the above expression
takes the form:
λ =
λP
tan−1
(
λP/λdB
) {→ λdB for low energy regime→ 4λP for Planck regime (22)
In addition, for the specific non-relativistic regime considered by Kempf et
al. [19], λ reproduces their equation (44). This justifies the interpretation
of the oscillatory length associated with KMM’s ψ(p) as the gravitationally
modified de Broglie wavelength.
It is worth repeating that in the Planck realm, the wavelength λ asymp-
totically approaches the constant value 4λP that is now universal for all par-
ticle species. As a consequence of this universality, a new type of coherence
is likely to emerge in the early universe whose significance for the large-scale
uniformity of the universe has already been mentioned.
As an illustrative example, to the lowest order in λP , the effect of the
modification (18) on the ground state level of the hydrogen atom results in
the following modified uncertainty principle estimate for the ground state of
an electron in an H-atom:
(E0)g ≃ −
me4
2h¯2
[
1− 8mλ
2
P
h¯2
(
me4
2h¯2
)]
(23)
Identifying:
E0 = − me
4
2h¯2
(24)
with the ground state level of the hydrogen atom without incorporating the
gravitationally-induced correction to the uncertainty relation, one immedi-
ately notices that the effect of the gravitationally induced modification is to
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reduce the magnitude of the ionization energy by 5 × 10−48 eV. This sug-
gests that a space-time endowed with the KMM bound is in some sense a
heat bath as it decreases the energy required to disassociate the H-atom.
If the effects of the gravitationally induced modification to the de Broglie
wave particle duality are negligible for low energy, their relevance can hardly
be overestimated at the Planck-scale induced phenomena. Apart from the
coherence that is predicted to be present in the early universe, there are
already speculations that anomalous events around 1020 eV cosmic rays may
be pointing towards a violation of the Lorentz symmetry [20, 21]. This
violation is also independently expected from the present study and can
be systematically studied as new cosmic ray experiments yield data at still
higher energies approaching the Planck scale. In this context it is important
to note that the argument that Planck energy cosmic rays are forbidden by
the Greisen-Zatsepin-Kuzmin (GZK) cutoff is no longer valid as the recent
cosmic ray experiments have amply demonstrated.
The above discussion makes it clear that the conceptual foundations of
the theory of general relativity and quantum mechanics are so rich that they
suggest concrete modifications into each other in the interface region.
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